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1. Instalment Option

1.1. Definition
e Like Vanilla Option, but

(1) Premium is divided into several payments and is paid periodi-
cally on so-called "instalment dates*

(2) Holder has the right to cancel option through the termination
of instalment payments

Figure 1: Dates for Instalment Payments

e Other names: continuation option, pay-as-you-go option, a general-
ization of compound option
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e n-Instalment Option can be understood as a series of n options de-
pending on each other

Standard Option V (t)
A
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A 1.2. Advantages of Instalment Options

e Traded over-the-counter tailor-made to client needs

Instalment Option e Prevention of losses through possibility of termination

Pricing of . .. . . . 5 o .
e Helpful in situations where necessity of hedge is uncertain
Instalment Options. . .

Numerical Results e Low initial premium is easy to schedule in the firm’s budget
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of instalment payments until expiration vs. Continuation of instalment
payments until expiration, reference [1]
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1.3. Example of a Traded Instalment Option

Application area: International Treasury Management
Corporate buys EUR Call/ USD Put 25 Mio EUR notional
Strike price: 1.0500 EUR/USD

Exercise type: European

Maturity date: 17 Dec 2003, Delivery settlement on 19 Dec 2003
Transaction date: 19 Dec 2002

EUR USD spot ref: 1.0259

Premium and strike prices: 285,500.00 USD

Decision and Value dates: 31/03/03, 02/04/03, 30/06/03, 02/07/03,
30/09/03, 02/10/03

The corporate has extended the instalment at all dates and finally
sold the EUR call on Nov 19 2003 for a profit of 2.77 MIO EUR (spot
was at 1.1900).
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A 1.4. Literature on Instalment Option

Davis, Tompkins and Schachermayer (2001) derive no-arbitrage bounds
on the price of Instalment options, which are used to set up static
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1.4.

Literature on Instalment Option

Davis, Tompkins and Schachermayer (2001) derive no-arbitrage bounds
on the price of Instalment options, which are used to set up static
hedges and to compare them to dynamic hedging strategies [7].

Ben-Ameur, Breton and Frangois (2006) develop a dynamic program-
ming procedure to compute the value of Instalment options and in-
vestigate the properties of Instalment options through theoretical and
numerical analysis [2].
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e Next steps are analogous, compound option V; with option V;,; so
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Next steps are analogous, compound option V; with option V;,; so
that V; is an option on V;,; with strike k; and decision date t;

Exact expression for value function of Instalment Option

Vi(s) © e maltitiaDE[(¢h; (Vigr (tin1)—ki)) T | Sicy = s, fori = 1,...,n—1.

When carried out for all ¢ < n — 1, result is first instalment which is
paid to open the deal at {5 =0

= Vi(s) = e O E[(¢a[Va — ki])* | Sy = 3]

Nested expectations require analysis of multiple integrals

Numerical computation of multiple integrals is time consuming and
possibly imprecise
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2.1. n-variate Cumulative Normal Formula

e n-variate cumulative normal function

[

Instalment Option

Pricing of . .. Nn(hz, {pij}lgjgrz,z(j) = PI‘Ob{ZZ < h“’l = 1, ,n}

Instalment Options. .. hi1 hn
[T = = n(xy, ..., Tp)dx,...dx;
—00 —0o0

Contact Information

mathfinance.com

Title Page

Page 11 of 39
Go Back
Full Screen
Close

Quit



http://www.mathfinance.com/
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2.1. n-variate Cumulative Normal Formula

e n-variate cumulative normal function

Nn(hz, {pij}lgjgnﬂ(j) = PI‘Ob{ZZ < h“’l = 1, ,n}

hy hn
:/ / n(xy, ..., Tp)dx,...dx;

e Curnow and Dunett (1962), see [6], show

h1 .
Ni(hi; {pis}) = / Np—1 (M{Pml}> n(y)dy 1=2,...

(1—63)>

—00

— Pij —PilPj1 S S 3
ijxl — - 1. . T \4 1 and (2
Pl = T g (3,7 # j#1)

[N

e Special case n = 2 was used for compound option formula

Ny(ha, ha; p) =/ N ({h;py) n(y)dy

—59 1— pQ)%


http://www.mathfinance.com/

In %‘i +ut In %‘; + pHt, t

oty ’ oty "Vt

In %11 +p 9t In %‘; + pF)ty t

oty ’ oty "Vt
Instalment Options. . . In o 4+ ,u(_)tl

= S
— € Tdtlk‘lN —t

o\t

VCp = 6Tft2SON2

[

Instalment Option = eirdtz k‘gNQ [

Pricing of . ..

Numerical Results

Contact Information

mathfinance.com

Title Page

Page 12 of 39
Go Back
Full Screen
Close

Quit



http://www.mathfinance.com/

In2e 4+ 4t In 4+ pHy t
ch _ erftg SON2 S1 1 So 2 1

ot o/t VNt
In %‘i +pt In %‘; + uty t
oty ’ oty "Vt
In %"i == M(_)tll

o\t

Instalment Option = e*”tZ k‘gN 2 [

Pricing of . ..

Instalment Options. . .

e*”tl k‘l N

Numerical Results

Contact Information

n-variate case

!

mathfinance.com

o k= (ki,...,k,) strike prices

Title Page

Sy

o t = (ty,...,t,) instalment dates

o b= (¢1, ..., ¥n) put/call indicators

Page 12 of 39

Go Back
e correlation coeflicients of n-variate cumulative normal functions

Full Screen

pi; =+/tiftjfori,j=1,...,nandi<j

Close

Quit



http://www.mathfinance.com/

Vn(SO: E:aaa Tdarf7$)
= €_rftn50¢1 © oo ° ¢n

. N 2+ pu®Mt P +uMt;  In+ ,u(“tn' (o)
Instalment Option n o \/t_l ) & \/t_g JRRES) & \/E ) pZJ
Pricing of . .. - -
Instalment Options. . . — e"”dtn kn¢1 o o0 ¢n
Numerical Results 1.~ So - So = So = 7]
Contact Information N, n 51 - M( )tl - % - pl( )t2 - Sn i M( )t”, {Pi }
n O'\/t_l ) O'\/t_g 9 5 U\/E ) J

mathfinance.com

— e By P
In —g—‘f + 1 In -g—g +ut  In sf{l SIS

v , s Sy 0\/%—_1 ;{pij}]

Title Page n—1

e " ko1 py N,

Page 13 of 39

In —g-(ll + )t In —g—g— + ,u(_)tg‘
U\/ﬂ ) 0_\/5 ) P12
In %(11 == M(_)t1]

oty

Close A similar result has been independently derived by Thomassen and
Wouve [21].

Go Back

€_Tdt1 kl ¢1 N

Full Screen

Quit



http://www.mathfinance.com/

2.2. Binomial Tree Option Pricing Technique
e Original work by Cox, Ross and Rubinstein (CRR) [5]

Instalment Option e Price movements of log-returns of underlying are modeled as constant

Pricing of .. up and down movements (v = exp(o+/T/m, d = exp(—o+/T/m) in
the tree.
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2.2. Binomial Tree Option Pricing Technique

Original work by Cox, Ross and Rubinstein (CRR) [5]

Price movements of log-returns of underlying are modeled as constant

up and down movements (v = exp(o+/T/m, d = exp(—o+/T/m) in
the tree.

Plain CRR suffers from oscillations (See Figure 6).
Improvement: Leisen-Reimer Trees, see [14]:

Replace p (probability of up move) by p(d_) using Peizer-Pratt For-
mula for odd n

2
1 1 z 1

p(z) = = +sign(z)= |1 —exp |- <n + —> ,
2 2 n+ g+ 10-(711+1) 6

and then

u = e(rrrf)Atp(dJr)

p(d-)
g e(rd—rf)At _ p(d_)u
1—p(d-)
ln% + (’I“d — Ty aE %O')T
dy =

oVT
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2.3. Algorithm for Pricing Instalment Options by H. Ben-
Ameur, M. Breton and P. Francgois [2]

e Approximation of value of Instalment Option at ¢, through piecewise
linear interpolation, therefore solving dynamic programming equa-
tion which results in a closed form

e Exercise value is V,(s) = max(0, ¢,,(S7 — ky))

e Holding value at ¢; is V/"(s) = Ele "2V 11(S;,,,) | Si = s for

1=0,...,n—1
where
Vi (s) for i =0
Vi(s) =4 max(0,V/(s) —k;) fori=1,..,n—1
Va(s) fori=mn

e Net holding value V;*(s) — k;
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e qp=0<a; <..<a,<ap = 400 set of points
Ry, ..., R, partition of R™ in (p + 1) intervals R; = (a;, a;4+1] for j =

-\
Instalment Option |

0,....,p
lusiliman Catos e Given approximations V; of option value V; at a; in step i
Pricing of ... piecewise linear interpolation of this function achieved through
)
i ’ Z i | Qi ¥ ’ :
Numerical Results ‘/1(8) = (Oéj+ﬁj5)laj<s§aj+1’ V;(aj) = V;(aj), for ] = 0, ...,p—l,
=
S i i i _ i
for j = p choose a;, = a;,_; and 3, = 3,
e Assuming V;;; is known, calculate expectation in step 4
: A
h —rqAt
n“ V; (ak) = E[e ¢ ‘/;+1(Sti+1)|8ti = ak]
| > Zp
et i+1
= e a] E[I%<euAt+a\/A7tz<a{l+l]
3 k - 9%
i1 At+ov/Atz
+ BBl Iej ppaurovmmegiist],
@ - 9
p = rqy—rp— 0?/2, V; approximated holding value of Instalment
Option
:
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e For k=1,...,pand j =0,...,p first integrals

[

N(zk,1) for j =0
Instal t ti .
nstalment Option Ak =Ells; _uacovsiegrin] = { N@kgsn)—Nopy) for1<j<p—1
.. Al ==G
Pricing of . .. 1— N(zg,p) for j=p
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Numerical Results

A uAt+oV Atz a.
Contact Information B, Elaye Iﬁ <epdttoVAtzg % ]
apN(z,1 — oV At)e(’"d_’“f)At for j=0
= ar[N(zy j11 — oVAL) — N(zp, ; — oV/AL)]eraTs)AL for 1<j<p-—1
mathfinance.com ak[l _ N(l‘k,p _ U\/A;t)]e(rdfo)At for j=p
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Procedure
0. Calculate a;

Instalment Option 1. Calculate V,(s) for all s

Pricing of . . . -
- 2. Calculate V" | (ay) for all k in closed form

)
(
(
(

Instalment Options. . .
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Figure 4: Convergence of uniform premium in discrete case to continuous
premium. We have used the data Sy = 100, K = 95, ¢ = 0.2, r4 = 0.05,
Ty = O, T=1.
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o Let g = (g¢)ieo,r) be the stochastic process describing the discounted
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e Note that Py from Equation (2) can never become negative as it is
always possible to stop payments immediately. Thus, besides (3), we
need a minimality assumption to obtain a unique rate.
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e As the process t — e "!Cgr(T —t,S;) is a Q-martingale we obtain
that

sup Fo(f,) = Cu(T,so) + sup Eq(f,). (6)
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Proof.
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o Let us show the other direction. Denote by V' = (V})scjo,7] the Snell
envelope of the potentially larger process f, i.e. V is a cadlag process
(right continuous paths with left limits) with
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e Using the Markov property of S we can apply Theorem 3.4 in El
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A e This means that by (8) f is only exercised prematurely when K; >
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Figure 5: Convergence of uniform premium in discrete case to continuous
premium. We have used the data Sy = 100, K = 95, ¢ = 0.2, r4 = 0.05,
Ty = O, T=1.
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Performance

Numerical Method Value of V; CPU Time
Binomial trees for n = 4000 1.69053 | 0.0137335 | 1109
Closed-form formula for n = 3 1.69092 | 0.0137339 | < 1
BBF-Algorithm [2] with p = 4000 1.69084 | 0.0137332 | 168
50000-point GauB-Legendre integration 1.69087 | 0.0137339 | 176
Numerical integration with Mathematica || 1.69091 | 0.0137299 | 47

Table 1: Performance comparison of Instalment valuation algorithms.
Scenario 1: Sy = 100, k; = 100, ka3 = 3, 0 = 20%, rq = 10%, ry = 15%, T =1,

At =1/3, ¢123 = 1.

Scenario 2: Sy = 1.15, k1 = 1.15, ka3 = 0.02, 0 = 10%, rq = 1%, ry = 2%,

T=1t=1/3, ¢193=1.
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4.1. The Mathematica Package instalment.m

BeginPackage ["Options™ Instalment™ "]

Instalment Option Instalment: :usage = "Instalment[S,K,T,vol,rd,rf,phi,N] \n

Pricing of. .. Black-Scholes value for European Instalment options\n

S: spot\n

K: strike list of individual options\n

T: time differences to maturity in years between individual options\n
beginning with Vanilla option maturity\n

vol: volatility\n

rd: domestic risk free rate: discounting is done as Exp[-T[[i]]*rd] \n
rf: foreign risk free rate: discounting is done as Exp[-T[[i]l*rfl\n
phi: 1list of +1 for Calls, -1 for Puts\n

N: number of options in Instalment option"

Instalment Options. . .

i

Numerical Results

Contact Information
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Begin[" Private "]

U ncum[x_] := 1/2*(Erf[x/Sqrt[2]] + 1); (*cumulative standard normalx)
ndf [x_ ] := Evaluate[D[ncum([x], x]]; (*standard normal densityx*)

Go Back

Vanilla[x_, K., vol_, r_, rf_, T_, fi_]:=Block[dp, dm,

Full Srean dp = (Log[x/K] + (r- rf + 0.5%vol*vol)*T)/(vol*Sqrt[T]);
dm = (Logl[x/K] + (r - rf - 0.5%vol*vol)*T)/(volxSqrt[T]);
fix(Exp [-rf*T]*x*ncum[fi*dp] - Exp[-r*T]*K+ncum[fi*dm])];
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Instalment[S_, K., T, vol, rd_, rf_, phi_, N.] := Block[mu,
mu = rd - rf - 0.5%vol*vol;
If[N == 1, Vanilla[S, K[[1]], vol, rd, rf, T[[1]], phil[[1]]],
Exp [-T[[N]]*rd]*

Instalment Option

Pricing of . ..

NIntegrate[
Instalment Options . .. Max [0, phil[[N]]*(Instalment [S*¥Exp[vol*Sqrt[T[[N]]]*z + mu*x T[[N]]]
Numerical Results K, T, vol, rd, rf, phi , N - 1] -
Contact Information KL[IN]])]#*ndf[z], =z, -10, 10]11];
End[]
mathfinance.com EndPaCkage (]
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4.1.1. The Testing Environment instalment_testenv.nb

spot = 100

vol = 0.2
Instalment Option tau = {1/3 , 1/3 , 1/3}
Pricing of . .. rd = 0.10
Instalment Options. . . rf = 0.15
Numerical Results strike = {100 , 3, 3}
Contact Information phi = {1 , 1, 1}

Instalment [spot, strike, tau, vol, rd, rf, phi, 3]

mathfinance.com

1.69085
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5. Contact Information

Uwe Wystup
MathFinance AG
- SchieBhohl 19
PR 0o 65529 Waldems

Instalment Option

Instalment Options. . . Germ any
Numerical Results and
Coiibaes Hrenmees Frankfurt School of Finance & Management

Sonnemannstraie 9-11
60314 Frankfurt am Main
Germany

mathfinance.com

Title Page
uwe.wystup@mathfinance.com

This presentation is available at http://www.mathfinance.com/wystup/
papers.php
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