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1. Instalment Option

1.1. Definition

� Like Vanilla Option, but

(1) Premium is divided into several payments and is paid periodi-
cally on so-called ”instalment dates“

(2) Holder has the right to cancel option through the termination
of instalment payments

Figure 1: Dates for Instalment Payments

� Other names: continuation option, pay-as-you-go option, a general-
ization of compound option
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� n-Instalment Option can be understood as a series of n options de-
pending on each other

Figure 2: Lifetimes of the options Vi

� Characterized by

– n exercise times t1, ..., tn = T (often ti = iT/n for all i),

– n strike prices k1, ..., kn,

– n put/ call indicators φ1, ..., φn where φi
∆
=

 +1 if option i is a call

−1 if option i is a put

http://www.mathfinance.com/


Instalment Option

Pricing of . . .

Instalment Options . . .

Numerical Results

Contact Information

mathfinance.com

Title Page

JJ II

J I

Page 4 of 39

Go Back

Full Screen

Close

Quit

Market data

� S0: spot

� rd: domestic interest rate

� rf : foreign interest rate

� σ: volatility
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1.2. Advantages of Instalment Options

� Traded over-the-counter tailor-made to client needs

� Prevention of losses through possibility of termination

� Helpful in situations where necessity of hedge is uncertain

� Low initial premium is easy to schedule in the firm’s budget

http://www.mathfinance.com/
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Figure 3: Comparison of Instalment Option with Vanilla Put: Continuation
of instalment payments until expiration vs. Continuation of instalment
payments until expiration, reference [1]
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1.3. Example of a Traded Instalment Option

� Application area: International Treasury Management

� Corporate buys EUR Call/ USD Put 25 Mio EUR notional

� Strike price: 1.0500 EUR/USD

� Exercise type: European

� Maturity date: 17 Dec 2003, Delivery settlement on 19 Dec 2003

� Transaction date: 19 Dec 2002

� EUR USD spot ref: 1.0259

� Premium and strike prices: 285,500.00 USD

� Decision and Value dates: 31/03/03, 02/04/03, 30/06/03, 02/07/03,
30/09/03, 02/10/03

� The corporate has extended the instalment at all dates and finally
sold the EUR call on Nov 19 2003 for a profit of 2.77 MIO EUR (spot
was at 1.1900).
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1.4. Literature on Instalment Option

Davis, Tompkins and Schachermayer (2001) derive no-arbitrage bounds
on the price of Instalment options, which are used to set up static
hedges and to compare them to dynamic hedging strategies [7].

http://www.mathfinance.com/


Instalment Option

Pricing of . . .

Instalment Options . . .

Numerical Results

Contact Information

mathfinance.com

Title Page

JJ II

J I

Page 8 of 39

Go Back

Full Screen

Close

Quit

1.4. Literature on Instalment Option

Davis, Tompkins and Schachermayer (2001) derive no-arbitrage bounds
on the price of Instalment options, which are used to set up static
hedges and to compare them to dynamic hedging strategies [7].

Ben-Ameur, Breton and François (2006) develop a dynamic program-
ming procedure to compute the value of Instalment options and in-
vestigate the properties of Instalment options through theoretical and
numerical analysis [2].
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1.4. Literature on Instalment Option

Davis, Tompkins and Schachermayer (2001) derive no-arbitrage bounds
on the price of Instalment options, which are used to set up static
hedges and to compare them to dynamic hedging strategies [7].

Ben-Ameur, Breton and François (2006) develop a dynamic program-
ming procedure to compute the value of Instalment options and in-
vestigate the properties of Instalment options through theoretical and
numerical analysis [2].

Ciurlia and Roko (2005) construct a dynamic hedging portfolio and
derive a Black-Scholes partial differential equation for the initial value
of an American continuous Instalment option [4].
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1.4. Literature on Instalment Option

Davis, Tompkins and Schachermayer (2001) derive no-arbitrage bounds
on the price of Instalment options, which are used to set up static
hedges and to compare them to dynamic hedging strategies [7].

Ben-Ameur, Breton and François (2006) develop a dynamic program-
ming procedure to compute the value of Instalment options and in-
vestigate the properties of Instalment options through theoretical and
numerical analysis [2].

Ciurlia and Roko (2005) construct a dynamic hedging portfolio and
derive a Black-Scholes partial differential equation for the initial value
of an American continuous Instalment option [4].

Kimura and Kikuchi (2007) develop a Laplace transform based valua-
tion of instalment options [13].
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1.4. Literature on Instalment Option

Davis, Tompkins and Schachermayer (2001) derive no-arbitrage bounds
on the price of Instalment options, which are used to set up static
hedges and to compare them to dynamic hedging strategies [7].

Ben-Ameur, Breton and François (2006) develop a dynamic program-
ming procedure to compute the value of Instalment options and in-
vestigate the properties of Instalment options through theoretical and
numerical analysis [2].

Ciurlia and Roko (2005) construct a dynamic hedging portfolio and
derive a Black-Scholes partial differential equation for the initial value
of an American continuous Instalment option [4].

Kimura and Kikuchi (2007) develop a Laplace transform based valua-
tion of instalment options [13].

Fouque and Han (2005) examine the case of Compound options (n =
2) in stochastic volatility models [8].
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2. Pricing of Instalment Options in the Black-

Scholes Model

� Like Vanilla Options or Compound Options, i.e. discounted expec-
tation of payoff function

� dSt = St[(rd − rf )dt + σdWt] for 0 ≤ t ≤ T
St2 = St1 exp((rd − rf − σ2/2)∆t + σ

√
∆tZ), for 0 ≤ t1 ≤ t2 ≤ T ,

∆t = t2 − t1
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2. Pricing of Instalment Options in the Black-

Scholes Model

� Like Vanilla Options or Compound Options, i.e. discounted expec-
tation of payoff function

� dSt = St[(rd − rf )dt + σdWt] for 0 ≤ t ≤ T
St2 = St1 exp((rd − rf − σ2/2)∆t + σ

√
∆tZ), for 0 ≤ t1 ≤ t2 ≤ T ,

∆t = t2 − t1

� Payoff at maturity is max(φn(ST − kn), 0)
def
= (φn(ST − kn))+
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2. Pricing of Instalment Options in the Black-

Scholes Model

� Like Vanilla Options or Compound Options, i.e. discounted expec-
tation of payoff function

� dSt = St[(rd − rf )dt + σdWt] for 0 ≤ t ≤ T
St2 = St1 exp((rd − rf − σ2/2)∆t + σ

√
∆tZ), for 0 ≤ t1 ≤ t2 ≤ T ,

∆t = t2 − t1

� Payoff at maturity is max(φn(ST − kn), 0)
def
= (φn(ST − kn))+

� Date before last instalment date tn−1 buyer pays kn−1 to receive clas-
sical european option, in which the price at tn−1 is described by

Vn(s)
def
= VStd(s) = e−rd(tn−tn−1)E[φn[ST − kn]+ | Stn−1 = s]
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2. Pricing of Instalment Options in the Black-

Scholes Model

� Like Vanilla Options or Compound Options, i.e. discounted expec-
tation of payoff function

� dSt = St[(rd − rf )dt + σdWt] for 0 ≤ t ≤ T
St2 = St1 exp((rd − rf − σ2/2)∆t + σ

√
∆tZ), for 0 ≤ t1 ≤ t2 ≤ T ,

∆t = t2 − t1

� Payoff at maturity is max(φn(ST − kn), 0)
def
= (φn(ST − kn))+

� Date before last instalment date tn−1 buyer pays kn−1 to receive clas-
sical european option, in which the price at tn−1 is described by

Vn(s)
def
= VStd(s) = e−rd(tn−tn−1)E[φn[ST − kn]+ | Stn−1 = s]

� Rational buyer only pays instalment rate if VStd ≥ kn−1

shortly before instalment date option is worth max(VStd − kn−1, 0)
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2. Pricing of Instalment Options in the Black-

Scholes Model

� Like Vanilla Options or Compound Options, i.e. discounted expec-
tation of payoff function

� dSt = St[(rd − rf )dt + σdWt] for 0 ≤ t ≤ T
St2 = St1 exp((rd − rf − σ2/2)∆t + σ

√
∆tZ), for 0 ≤ t1 ≤ t2 ≤ T ,

∆t = t2 − t1

� Payoff at maturity is max(φn(ST − kn), 0)
def
= (φn(ST − kn))+

� Date before last instalment date tn−1 buyer pays kn−1 to receive clas-
sical european option, in which the price at tn−1 is described by

Vn(s)
def
= VStd(s) = e−rd(tn−tn−1)E[φn[ST − kn]+ | Stn−1 = s]

� Rational buyer only pays instalment rate if VStd ≥ kn−1

shortly before instalment date option is worth max(VStd − kn−1, 0)

� Compound option price at time tn−2 is

Vn−1(s)
def
= VCp(s) = e−rd(tn−1−tn−2)E[φn−1[Vn − kn−1]

+ | Stn−2 = s]
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� Next steps are analogous, compound option Vi with option Vi+1 so
that Vi is an option on Vi+1 with strike ki and decision date ti
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� Next steps are analogous, compound option Vi with option Vi+1 so
that Vi is an option on Vi+1 with strike ki and decision date ti

� Exact expression for value function of Instalment Option

Vi(s)
def
= e−rd(ti−ti−1)E[(φi(Vi+1(ti+1)−ki))

+ | Si−1 = s], for i = 1, ..., n−1.
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� Next steps are analogous, compound option Vi with option Vi+1 so
that Vi is an option on Vi+1 with strike ki and decision date ti

� Exact expression for value function of Instalment Option

Vi(s)
def
= e−rd(ti−ti−1)E[(φi(Vi+1(ti+1)−ki))

+ | Si−1 = s], for i = 1, ..., n−1.

� When carried out for all i ≤ n− 1, result is first instalment which is
paid to open the deal at t0 = 0

p
def
= V1(s) = e−rd(t1−t0)E[(φ1[V2 − k1])

+ | St0 = s]
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� Next steps are analogous, compound option Vi with option Vi+1 so
that Vi is an option on Vi+1 with strike ki and decision date ti

� Exact expression for value function of Instalment Option

Vi(s)
def
= e−rd(ti−ti−1)E[(φi(Vi+1(ti+1)−ki))

+ | Si−1 = s], for i = 1, ..., n−1.

� When carried out for all i ≤ n− 1, result is first instalment which is
paid to open the deal at t0 = 0

p
def
= V1(s) = e−rd(t1−t0)E[(φ1[V2 − k1])

+ | St0 = s]

� Nested expectations require analysis of multiple integrals

� Numerical computation of multiple integrals is time consuming and
possibly imprecise
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2.1. n-variate Cumulative Normal Formula

� n-variate cumulative normal function

Nn(hi; {ρij}1≤j≤n,i<j) = Prob{Zi < hi; i = 1, ..., n}

=

∫ h1

−∞
...

∫ hn

−∞
n(x1, ..., xn)dxn...dx1
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2.1. n-variate Cumulative Normal Formula

� n-variate cumulative normal function

Nn(hi; {ρij}1≤j≤n,i<j) = Prob{Zi < hi; i = 1, ..., n}

=

∫ h1

−∞
...

∫ hn

−∞
n(x1, ..., xn)dxn...dx1

� Curnow and Dunett (1962), see [6], show

Nn(hi; {ρij}) =

∫ h1

−∞
Nn−1

(
hi − ρi1y

(1− δ2
i1)

1
2

; {ρij∗1}

)
n(y)dy i = 2, ..., n

ρij∗1 =
ρij−ρi1ρj1

(1−δ2
i1)

1
2 (1−δ2

j1)
1
2

(i, j 6= 1 and j 6= i)
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� Curnow and Dunett (1962), see [6], show

Nn(hi; {ρij}) =

∫ h1

−∞
Nn−1

(
hi − ρi1y

(1− δ2
i1)

1
2

; {ρij∗1}

)
n(y)dy i = 2, ..., n

ρij∗1 =
ρij−ρi1ρj1

(1−δ2
i1)

1
2 (1−δ2

j1)
1
2

(i, j 6= 1 and j 6= i)

� Special case n = 2 was used for compound option formula

N2(h1, h2; ρ) =

∫ h1

−∞
N

(
h2 − ρy

(1− ρ2)
1
2

)
n(y)dy
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VCp = erf t2S0N2

[
ln S0

S̄1
+ µ(+)t1

σ
√

t1
,
ln S0

S̄2
+ µ(+)t2

σ
√

t2
,

√
t1
t2

]

− e−rdt2k2N2

[
ln S0

S̄1
+ µ(−)t1

σ
√

t1
,
ln S0

S̄2
+ µ(−)t2

σ
√

t2
,

√
t1
t2

]

− e−rdt1k1N

[
ln S0

S̄1
+ µ(−)t1

σ
√

t1

]
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VCp = erf t2S0N2

[
ln S0

S̄1
+ µ(+)t1

σ
√

t1
,
ln S0

S̄2
+ µ(+)t2

σ
√

t2
,

√
t1
t2

]

− e−rdt2k2N2

[
ln S0

S̄1
+ µ(−)t1

σ
√

t1
,
ln S0

S̄2
+ µ(−)t2

σ
√

t2
,

√
t1
t2

]

− e−rdt1k1N

[
ln S0

S̄1
+ µ(−)t1

σ
√

t1

]

n-variate case

� ~k = (k1, ..., kn) strike prices

� ~t = (t1, ..., tn) instalment dates

� ~φ = (φ1, ..., φn) put/call indicators

� correlation coefficients of n-variate cumulative normal functions

ρij =
√

ti/tj for i, j = 1, ..., n and i < j
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Vn(S0, ~k,~t, σ, rd, rf , ~φ)

= e−rf tnS0φ1 · ... · φn

Nn

[
ln S0

S̄1
+ µ(+)t1

σ
√

t1
,
ln S0

S̄2
+ µ(+)t2

σ
√

t2
, ...,

ln S0

S̄n
+ µ(+)tn

σ
√

tn
; {ρij}

]

− e−rdtnknφ1 · ... · φn

Nn

[
ln S0

S̄1
+ µ(−)t1

σ
√

t1
,
ln S0

S̄2
+ µ(−)t2

σ
√

t2
, ...,

ln S0

S̄n
+ µ(−)tn

σ
√

tn
; {ρij}

]

− e−rdtn−1kn−1φ1 · ... · φn−1

Nn−1

[
ln S0

S̄1
+ µ(−)t1

σ
√

t1
,
ln S0

S̄2
+ µ(−)t2

σ
√

t2
, ...,

ln S0
¯Sn−1

+ µ(−)tn−1

σ
√

tn−1

; {ρij}

]
...

− e−rdt2k2φ1φ2N2

[
ln S0

S̄1
+ µ(−)t1

σ
√

t1
,
ln S0

S̄2
+ µ(−)t2

σ
√

t2
; ρ12

]

− e−rdt1k1φ1N

[
ln S0

S̄1
+ µ(−)t1

σ
√

t1

]

A similar result has been independently derived by Thomassen and
Wouve [21].
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2.2. Binomial Tree Option Pricing Technique

� Original work by Cox, Ross and Rubinstein (CRR) [5]

� Price movements of log-returns of underlying are modeled as constant
up and down movements (u = exp(σ

√
T/m, d = exp(−σ

√
T/m) in

the tree.

� Plain CRR suffers from oscillations (See Figure 6).

� Improvement: Leisen-Reimer Trees, see [14]:
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2.2. Binomial Tree Option Pricing Technique

� Original work by Cox, Ross and Rubinstein (CRR) [5]

� Price movements of log-returns of underlying are modeled as constant
up and down movements (u = exp(σ

√
T/m, d = exp(−σ

√
T/m) in

the tree.

� Plain CRR suffers from oscillations (See Figure 6).

� Improvement: Leisen-Reimer Trees, see [14]:

� Replace p (probability of up move) by p(d−) using Peizer-Pratt For-
mula for odd n

p(z) =
1

2
+ sign(z)

1

2

√√√√√1− exp

−( z

n + 1
3

+ 1
10·(n+1)

)2(
n +

1

6

),
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2.2. Binomial Tree Option Pricing Technique

� Original work by Cox, Ross and Rubinstein (CRR) [5]

� Price movements of log-returns of underlying are modeled as constant
up and down movements (u = exp(σ

√
T/m, d = exp(−σ

√
T/m) in

the tree.

� Plain CRR suffers from oscillations (See Figure 6).

� Improvement: Leisen-Reimer Trees, see [14]:

� Replace p (probability of up move) by p(d−) using Peizer-Pratt For-
mula for odd n

p(z) =
1

2
+ sign(z)

1

2

√√√√√1− exp

−( z

n + 1
3

+ 1
10·(n+1)

)2(
n +

1

6

),

and then

u = e(rd−rf )∆t p(d+)

p(d−)

d =
e(rd−rf )∆t − p(d−)u

1− p(d−)

d± =
ln S0

K
+ (rd − rf ± 1

2
σ)T

σ
√

T

http://www.mathfinance.com/


Instalment Option

Pricing of . . .

Instalment Options . . .

Numerical Results

Contact Information

mathfinance.com

Title Page

JJ II

J I

Page 15 of 39

Go Back

Full Screen

Close

Quit

2.3. Algorithm for Pricing Instalment Options by H. Ben-
Ameur, M. Breton and P. François [2]

� Approximation of value of Instalment Option at t0 through piecewise
linear interpolation, therefore solving dynamic programming equa-
tion which results in a closed form

� Exercise value is Vn(s) = max(0, φn(ST − kn))

� Holding value at ti is V h
i (s) = E[e−rd∆tVi+1(Sti+1

) | Sti = s] for
i = 0, ..., n− 1
where

Vi(s) =


V h

0 (s) for i = 0

max(0, V h
i (s)− ki) for i = 1, ..., n− 1

Vn(s) for i = n

� Net holding value V h
i (s)− ki
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� a0 = 0 < a1 < ... < ap < ap+1 = +∞ set of points
R0, ..., Rp partition of R+ in (p + 1) intervals Rj = (aj, aj+1] for j =
0, ..., p

� Given approximations Ṽi of option value Vi at aj in step i
piecewise linear interpolation of this function achieved through

V̂i(s) =

p∑
i=0

(αi
j +βi

js)Iaj<s≤aj+1
, Ṽi(aj) = V̂i(aj), for j = 0, ..., p−1,

for j = p choose αi
p = αi

p−1 and βi
p = βi

p−1

� Assuming V̂i+1 is known, calculate expectation in step i

Ṽ h
i (ak) = E[e−rd∆tV̂i+1(Sti+1

)|Sti = ak]

= e−rd∆t

p∑
j=0

αi+1
j E[I aj

ak
<eµ∆t+σ

√
∆tz≤

aj+1
ak

]

+ βi+1
j akE[eµ∆t+σ

√
∆tzI aj

ak
<eµ∆t+σ

√
∆tz≤

aj+1
ak

],

µ = rd − rf − σ2/2, Ṽi approximated holding value of Instalment
Option
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� For k = 1, ..., p and j = 0, ..., p first integrals

Ak,j = E[I aj
ak

<eµ∆t+σ
√

∆tz≤
aj+1

ak

] =


N(xk,1) for j = 0

N(xk,j+1)−N(xk,j) for 1 ≤ j ≤ p− 1

1−N(xk,p) for j = p

Bk,j = E[akeµ∆t+σ
√

∆tzI aj
ak

<eµ∆t+σ
√

∆tz≤
aj+1

ak

]

=


akN(xk,1 − σ

√
∆t)e(rd−rf )∆t for j = 0

ak[N(xk,j+1 − σ
√

∆t)−N(xk,j − σ
√

∆t)]e(rd−rf )∆t for 1 ≤ j ≤ p− 1

ak[1−N(xk,p − σ
√

∆t)]e(rd−rf )∆t for j = p

with xk,j = [ln(aj/ak)− µ∆t]/(σ
√

∆t).

http://www.mathfinance.com/


Instalment Option

Pricing of . . .

Instalment Options . . .

Numerical Results

Contact Information

mathfinance.com

Title Page

JJ II

J I

Page 18 of 39

Go Back

Full Screen

Close

Quit

Procedure

0. Calculate ai

1. Calculate V̂n(s) for all s

2. Calculate Ṽ h
n−1(ak) for all k in closed form

3. Calculate Ṽn−1(ak) for all k

4. Calculate V̂n−1(s) for all s > 0

5. Iterate these steps until V̂1(s0)=Price of Instalment Option at time 0
is calculated
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3. Instalment Options with a Continuous Pay-

ment Plan

� Now examine what happens if we make the difference between the
instalment payment dates ti smaller.
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3. Instalment Options with a Continuous Pay-

ment Plan

� Now examine what happens if we make the difference between the
instalment payment dates ti smaller.

� This will also cause the prolongation payments ki to become smaller.
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3. Instalment Options with a Continuous Pay-

ment Plan

� Now examine what happens if we make the difference between the
instalment payment dates ti smaller.

� This will also cause the prolongation payments ki to become smaller.

� In the limiting case the holder of the continuous instalment plan keeps
paying at a rate p per time unit until she decides to terminate the
contract.
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3. Instalment Options with a Continuous Pay-

ment Plan

� Now examine what happens if we make the difference between the
instalment payment dates ti smaller.

� This will also cause the prolongation payments ki to become smaller.

� In the limiting case the holder of the continuous instalment plan keeps
paying at a rate p per time unit until she decides to terminate the
contract.

� It is intuitively clear that the above procedure converges as the sum
of the strikes increases and is bounded above by the price of the
underlying.
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3. Instalment Options with a Continuous Pay-

ment Plan

� Now examine what happens if we make the difference between the
instalment payment dates ti smaller.

� This will also cause the prolongation payments ki to become smaller.

� In the limiting case the holder of the continuous instalment plan keeps
paying at a rate p per time unit until she decides to terminate the
contract.

� It is intuitively clear that the above procedure converges as the sum
of the strikes increases and is bounded above by the price of the
underlying.

� In the limiting case it appears also intuitively obvious that the in-
stalment plan is equivalent to the corresponding Vanilla plus a right
to return it any time at a pre-specified rate, which is equivalent to
the somehow discounted cumulative prolongation payment which one
would have to pay for the time after termination.
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3. Instalment Options with a Continuous Pay-

ment Plan

� Now examine what happens if we make the difference between the
instalment payment dates ti smaller.

� This will also cause the prolongation payments ki to become smaller.

� In the limiting case the holder of the continuous instalment plan keeps
paying at a rate p per time unit until she decides to terminate the
contract.

� It is intuitively clear that the above procedure converges as the sum
of the strikes increases and is bounded above by the price of the
underlying.

� In the limiting case it appears also intuitively obvious that the in-
stalment plan is equivalent to the corresponding Vanilla plus a right
to return it any time at a pre-specified rate, which is equivalent to
the somehow discounted cumulative prolongation payment which one
would have to pay for the time after termination.

� We will now formalize this intuitive idea.
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Figure 4: Convergence of uniform premium in discrete case to continuous
premium. We have used the data S0 = 100, K = 95, σ = 0.2, rd = 0.05,
rf = 0, T = 1.
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� Let g = (gt)t∈[0,T ] be the stochastic process describing the discounted
net payoff of an Instalment option expressed as multiples of the do-
mestic currency. If the holder stops paying the premium at time t,
the difference between the option payoff and premium payments (all
discounted to time 0) amounts to

g(t) =

 e−rdT (ST −K)+1(t=T ) − p
rd

(1− e−rdt) if rd 6= 0

(ST −K)+1(t=T ) − pt if rd = 0
(1)

where K is the strike.
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� Let g = (gt)t∈[0,T ] be the stochastic process describing the discounted
net payoff of an Instalment option expressed as multiples of the do-
mestic currency. If the holder stops paying the premium at time t,
the difference between the option payoff and premium payments (all
discounted to time 0) amounts to

g(t) =

 e−rdT (ST −K)+1(t=T ) − p
rd

(1− e−rdt) if rd 6= 0

(ST −K)+1(t=T ) − pt if rd = 0
(1)

where K is the strike.

� Given the premium rate p, there is a unique no-arbitrage premium
P0 to be paid at time 0 (supplementary to the rate p) given by

P0 = sup
τ∈T0,T

IEQ(gτ ), (2)

where Q denotes the risk-neutral measure. Ideally, p is chosen as the
minimal rate such that

P0 = 0. (3)
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� Note that P0 from Equation (2) can never become negative as it is
always possible to stop payments immediately. Thus, besides (3), we
need a minimality assumption to obtain a unique rate.
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� Note that P0 from Equation (2) can never become negative as it is
always possible to stop payments immediately. Thus, besides (3), we
need a minimality assumption to obtain a unique rate.

� We want to compare the Instalment option with the American con-
tingent claim f = (ft)t∈[0,T ] given by

ft = e−rdt(Kt − CE(T − t, St))
+, t ∈ [0, T ], (4)

where Kt = p
rd

(
1− e−rd(T−t)

)
for rd 6= 0 and Kt = p(T − t) when

rd = 0. CE is the value of a standard European Call.
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� Note that P0 from Equation (2) can never become negative as it is
always possible to stop payments immediately. Thus, besides (3), we
need a minimality assumption to obtain a unique rate.

� We want to compare the Instalment option with the American con-
tingent claim f = (ft)t∈[0,T ] given by

ft = e−rdt(Kt − CE(T − t, St))
+, t ∈ [0, T ], (4)

where Kt = p
rd

(
1− e−rd(T−t)

)
for rd 6= 0 and Kt = p(T − t) when

rd = 0. CE is the value of a standard European Call.

� Equation (4) represents the payoff of an American Put on a Euro-
pean Call where the variable strike Kt of the Put equals the part
of the instalments not to be paid if the holder decides to terminate
the contract at time t. Define by f̃ = (f̃t)t∈[0,T ] a similar American
contingent claim with

f̃(t) = e−rdt
[
(Kt − CE(T − t, St))

+ + CE(T − t, St)
]
, t ∈ [0, T ].

(5)

http://www.mathfinance.com/


Instalment Option

Pricing of . . .

Instalment Options . . .

Numerical Results

Contact Information

mathfinance.com

Title Page

JJ II

J I

Page 23 of 39

Go Back

Full Screen

Close

Quit

� As the process t 7→ e−rdtCE(T − t, St) is a Q-martingale we obtain
that

sup
τ∈T0,T

IEQ(f̃τ ) = CE(T, s0) + sup
τ∈T0,T

IEQ(fτ ). (6)
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� As the process t 7→ e−rdtCE(T − t, St) is a Q-martingale we obtain
that

sup
τ∈T0,T

IEQ(f̃τ ) = CE(T, s0) + sup
τ∈T0,T

IEQ(fτ ). (6)

� We prove the following theorem using earlier results of El Karoui,
Lepeltier and Millet in [12].
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� As the process t 7→ e−rdtCE(T − t, St) is a Q-martingale we obtain
that

sup
τ∈T0,T

IEQ(f̃τ ) = CE(T, s0) + sup
τ∈T0,T

IEQ(fτ ). (6)

� We prove the following theorem using earlier results of El Karoui,
Lepeltier and Millet in [12].

Theorem 3.1

An Instalment option is the sum of a European Call plus an American
Put on this European Call, i.e.

P0 + p

∫ T

0

e−rds ds︸ ︷︷ ︸
total premium payments

= CE(T, s0) + sup
τ∈T0,T

IEQ(fτ )
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Proof.

� Define a new claim g̃ = (g̃t)t∈[0,T ] differing from g only by a constant,

namely g̃(t) = g(t) + p
∫ T

0
e−rds ds.
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Proof.

� Define a new claim g̃ = (g̃t)t∈[0,T ] differing from g only by a constant,

namely g̃(t) = g(t) + p
∫ T

0
e−rds ds.

� In view of (6) we have to show that

sup
τ∈T0,T

IEQ[g̃(τ)] = sup
τ∈T0,T

IEQ[f̃(τ)]. (7)
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Proof.

� Define a new claim g̃ = (g̃t)t∈[0,T ] differing from g only by a constant,

namely g̃(t) = g(t) + p
∫ T

0
e−rds ds.

� In view of (6) we have to show that

sup
τ∈T0,T

IEQ[g̃(τ)] = sup
τ∈T0,T

IEQ[f̃(τ)]. (7)

� The inequality with ≤ in (7) is obvious as we have g̃ ≤ f̃ pointwise.
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� Let us show the other direction. Denote by V = (Vt)t∈[0,T ] the Snell

envelope of the potentially larger process f̃ , i.e. V is a càdlàg process
(right continuous paths with left limits) with

Vt = ess.supτ∈Tt,T
IEQ[f̃(τ) | Ft], P -a.s., t ∈ [0, T ],

where (Ft)t∈[0,T ] is the canonical filtration of the process S.
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� Let us show the other direction. Denote by V = (Vt)t∈[0,T ] the Snell

envelope of the potentially larger process f̃ , i.e. V is a càdlàg process
(right continuous paths with left limits) with

Vt = ess.supτ∈Tt,T
IEQ[f̃(τ) | Ft], P -a.s., t ∈ [0, T ],

where (Ft)t∈[0,T ] is the canonical filtration of the process S.

� Define by h = h(u, s) the value of the Instalment option (with rate p)
if the initial price of the underlying is s ∈ R+ and time to maturity
of the contract is u ∈ R+, i.e.

h(u, s) = sup
τ∈T0,u

IEs

[
e−rdτ

[[
p

rd

(1− e−rd(u−τ))− CE(u− τ, S̃τ )

]+

+ CE(u− τ, S̃τ )

]]
,

where S̃ is again a geometric Brownian motion with the same probabilistic
characteristics as S.
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� Using the Markov property of S we can apply Theorem 3.4 in El
Karoui/Lepeltier/Millet (1992) and obtain

Vt = ess.supτ∈Tt,T
IEQ

[
f̃(τ) | Ft

]
= ess.supτ∈Tt,T

IEQ

[
f̃(τ) | St

]
= e−rdth(T − t, St).
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� Using the Markov property of S we can apply Theorem 3.4 in El
Karoui/Lepeltier/Millet (1992) and obtain

Vt = ess.supτ∈Tt,T
IEQ

[
f̃(τ) | Ft

]
= ess.supτ∈Tt,T

IEQ

[
f̃(τ) | St

]
= e−rdth(T − t, St).

� As f̃ has continuous paths the optimal exercise time after t is given
by

τ t = inf{u ∈ [t, T ] | Vu = f̃(u)}
= inf{t ∈ [0, T ] | e−rdth(T − t, St) = f̃(t)}. (8)
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� Keeping this in mind, we want to show that

h(u, s) > CE(u, s) for all u > 0, s > 0. (9)
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� Keeping this in mind, we want to show that

h(u, s) > CE(u, s) for all u > 0, s > 0. (9)

� As the process t 7→ e−rdtCE(T − t, St) is a martingale we can pull it
out of the optimal stopping problem and obtain

h(u, s) = CE(u, s) + sup
τ∈T0,u

IEs

[
e−rdτ

[
p

rd

(1− e−rd(u−τ))− CE(u− τ, S̃τ )

]+
]

,

and thus h(u, s) > CE(u, s), for all u > 0, s > 0, as the underlying

CE(u, S̃t) can always get into the money with positive probability as
long as u > 0.

http://www.mathfinance.com/


Instalment Option

Pricing of . . .

Instalment Options . . .

Numerical Results

Contact Information

mathfinance.com

Title Page

JJ II

J I

Page 27 of 39

Go Back

Full Screen

Close

Quit

� Keeping this in mind, we want to show that

h(u, s) > CE(u, s) for all u > 0, s > 0. (9)

� As the process t 7→ e−rdtCE(T − t, St) is a martingale we can pull it
out of the optimal stopping problem and obtain

h(u, s) = CE(u, s) + sup
τ∈T0,u

IEs

[
e−rdτ

[
p

rd

(1− e−rd(u−τ))− CE(u− τ, S̃τ )

]+
]

,

and thus h(u, s) > CE(u, s), for all u > 0, s > 0, as the underlying

CE(u, S̃t) can always get into the money with positive probability as
long as u > 0.

� Therefore, we obtain for t ∈ [0, T ) and s ∈ (0,∞) the following
implication

h(T − t, s) = (Kt − CE(T − t, s))+ + CE(T − t, s) ⇒ Kt > CE(T − t, s).(10)
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� This means that by (8) f̃ is only exercised prematurely when Kt >
CE(T − t, St).
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� This means that by (8) f̃ is only exercised prematurely when Kt >
CE(T − t, St).

� But, in this case we have f̃(t) = g̃(t).
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� This means that by (8) f̃ is only exercised prematurely when Kt >
CE(T − t, St).

� But, in this case we have f̃(t) = g̃(t).

� As at maturity the payoffs of f̃ and g̃ coincide anyway, we have for
the optimal exercise time τ 0 of the process f̃

f̃(τ 0) = g̃(τ 0), P -a.s.
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� This means that by (8) f̃ is only exercised prematurely when Kt >
CE(T − t, St).

� But, in this case we have f̃(t) = g̃(t).

� As at maturity the payoffs of f̃ and g̃ coincide anyway, we have for
the optimal exercise time τ 0 of the process f̃

f̃(τ 0) = g̃(τ 0), P -a.s.

� Therefore we arrive at (7) and the assertion of the theorem follows.
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Figure 5: Convergence of uniform premium in discrete case to continuous
premium. We have used the data S0 = 100, K = 95, σ = 0.2, rd = 0.05,
rf = 0, T = 1.
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4. Numerical Results

� Results of binomial trees oscillate strongly

Figure 6: Convergence of the value function in the binomial trees imple-
mentation
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4. Numerical Results

� Results of binomial trees oscillate strongly

Figure 6: Convergence of the value function in the binomial trees imple-
mentation

� n-variate formula is the fastest of all considered methods, even for
higher numbers of instalments.

http://www.mathfinance.com/


Instalment Option

Pricing of . . .

Instalment Options . . .

Numerical Results

Contact Information

mathfinance.com

Title Page

JJ II

J I

Page 30 of 39

Go Back

Full Screen

Close

Quit

4. Numerical Results

� Results of binomial trees oscillate strongly

Figure 6: Convergence of the value function in the binomial trees imple-
mentation

� n-variate formula is the fastest of all considered methods, even for
higher numbers of instalments.

� Accuracy of n-variate formula now only depends on accuracy of cal-
culation of multivariate normal integrals and calculation of roots.
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4. Numerical Results

� Results of binomial trees oscillate strongly

Figure 6: Convergence of the value function in the binomial trees imple-
mentation

� n-variate formula is the fastest of all considered methods, even for
higher numbers of instalments.

� Accuracy of n-variate formula now only depends on accuracy of cal-
culation of multivariate normal integrals and calculation of roots.

� Algorithm of BBF works for equally distant instalment dates
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Performance

Numerical Method Value of V3 CPU Time

Binomial trees for n = 4000 1.69053 0.0137335 1109

Closed-form formula for n = 3 1.69092 0.0137339 < 1

BBF-Algorithm [2] with p = 4000 1.69084 0.0137332 168

50000-point Gauß-Legendre integration 1.69087 0.0137339 176

Numerical integration with Mathematica 1.69091 0.0137299 47

Table 1: Performance comparison of Instalment valuation algorithms.
Scenario 1: S0 = 100, k1 = 100, k2,3 = 3, σ = 20%, rd = 10%, rf = 15%, T = 1,
∆t = 1/3, φ1,2,3 = 1.
Scenario 2: S0 = 1.15, k1 = 1.15, k2,3 = 0.02, σ = 10%, rd = 1%, rf = 2%,
T = 1,t = 1/3, φ1,2,3 = 1.
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4.1. The Mathematica Package instalment.m

BeginPackage["Options`Instalment`"]

Instalment::usage = "Instalment[S,K,T,vol,rd,rf,phi,N] \n
Black-Scholes value for European Instalment options\n
S: spot\n
K: strike list of individual options\n
T: time differences to maturity in years between individual options\n
beginning with Vanilla option maturity\n
vol: volatility\n
rd: domestic risk free rate: discounting is done as Exp[-T[[i]]*rd] \n
rf: foreign risk free rate: discounting is done as Exp[-T[[i]]*rf]\n
phi: list of +1 for Calls, -1 for Puts\n
N: number of options in Instalment option"

Begin["`Private`"]

ncum[x ] := 1/2*(Erf[x/Sqrt[2]] + 1); (*cumulative standard normal*)
ndf[x ] := Evaluate[D[ncum[x], x]]; (*standard normal density*)

Vanilla[x , K , vol , r , rf , T , fi ]:=Block[dp, dm,
dp = (Log[x/K] + (r- rf + 0.5*vol*vol)*T)/(vol*Sqrt[T]);
dm = (Log[x/K] + (r - rf - 0.5*vol*vol)*T)/(vol*Sqrt[T]);
fi*(Exp[-rf*T]*x*ncum[fi*dp] - Exp[-r*T]*K*ncum[fi*dm])];
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Instalment[S , K , T , vol , rd , rf , phi , N ] := Block[mu,
mu = rd - rf - 0.5*vol*vol;

If[N == 1, Vanilla[S, K[[1]], vol, rd, rf, T[[1]], phi[[1]]],
Exp[-T[[N]]*rd]*

NIntegrate[
Max[0, phi[[N]]*(Instalment[S*Exp[vol*Sqrt[T[[N]]]*z + mu* T[[N]]],

K, T, vol, rd, rf, phi, N - 1] -
K[[N]])]*ndf[z], z, -10, 10]]];

End[]
EndPackage[]
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4.1.1. The Testing Environment instalment testenv.nb

spot = 100

vol = 0.2

tau = {1/3, 1/3, 1/3}
rd = 0.10

rf = 0.15

strike = {100, 3, 3}
phi = {1, 1, 1}

Instalment[spot, strike, tau, vol, rd, rf, phi, 3]

1.69085
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5. Contact Information

Uwe Wystup
MathFinance AG
Schießhohl 19
65529 Waldems
Germany
and
Frankfurt School of Finance & Management
Sonnemannstraße 9–11
60314 Frankfurt am Main
Germany

uwe.wystup@mathfinance.com

This presentation is available at http://www.mathfinance.com/wystup/

papers.php
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